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In this study, we report a direct comparison between a physical test and a computer sim-
ulation of rapidly sheared granular materials. An annular shear cell experiment was con-
ducted. All parameters were kept the same between the physical and the computational
systems to the extent possible. Artificially softened particles were used in the simulation
to reduce the computational time to a manageable level. Sensitivity study on the particle
stiffness ensured such artificial modification was acceptable. In the experiment, a range
of normal stress was applied to a given amount of particles sheared in an annular trough
with a range of controlled shear speed. Two types of particles, glass and Delrin, were used
in the experiment. Qualitatively, the required torque to shear the materials under different
rotational speed compared well with those in the physical experiments for both the glass
and the Delrin particles. However, the quantitative discrepancies between the measured
and simulated shear stresses were nearly a factor of two. Boundary conditions, particle size
distribution, particle damping and friction, including a sliding and rolling, contact force
model, were examined to determine their effects on the computational results. It was
found that of the above, the rolling friction between particles had the most significant
effect on the macro stress level. This study shows that discrete element simulation is a via-
ble method for engineering design for granular material systems. Particle level information
is needed to properly conduct these simulations. However, not all particle level informa-
tion is equally important in the study regime. Rolling friction, which is not commonly con-
sidered in many discrete element models, appears to play an important role.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Since its initial development by Cundall and Strack
(1979) the discrete element (DE) simulation method has
been widely used to investigate the physics of granular
materials. However, to be accepted by industry as a viable
alternative to physical tests, DE simulations must be vali-
dated. Many physical tests of granular materials have been
carried out in a variety of geometries. A partial list includes
annular shear cells (e.g. Savage and Sayed, 1984; Hanes
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and Inman, 1985; Craig et al., 1987; Miller et al., 1996;
Ladipo and Puri, 1997; Hsiau and Jang, 1998; Qin, 2000;
Tsai and Gollub, 2004), tumbling mills (e.g. Venugopal
and Rajamani, 2001; Cleary et al., 2003), silo flow (e.g.
Vanel et al., 2000; Yang and Hsiau, 2001) and incline flows
(e.g. Azanza et al., 1999; Pouliquen, 1999; Hanes and
Walton, 2000; Jop et al., 2006).

Among these geometries, rotating cylinder shear cells
provide the simplest flow regime. This type of shear cell
was first reported by Bagnold (1954), in which the annular
space between an inner stationary cylinder and an outer
rotating cylinder was filled with granular materials. Since
then different shear mechanism, with velocity gradient
either axially oriented or radially oriented, have been
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utilized to determine the stress and shear rate relations in
granular materials (Savage and Sayed, 1984; Hsiau and
Jang, 1998; Howell et al., 1999; Mueth et al., 2000; Qin,
2000; Luding, 2006). The annular shear cell differs from
traditional shear devices used in soil mechanics such as
the direct shear or the tri-axial cells in that for granular
flows much higher shear rate (as well as post failure) con-
ditions are of interest. Such conditions are commonly
found in dynamic granular systems in industry and in
nature.

Direct comparisons between physical and computer
simulated granular flows are few and limited to kinematic
variables (e.g. Venugopal and Rajamani, 2001). To rigor-
ously validate the applicability of DE simulations in engi-
neering applications, comparisons of the force field are
needed. In this study, we use an annular shear cell geome-
try and two different granular materials to establish the
comparison between the physical and DE simulation
results.

2. The physical experiment

The annular shear cell used in this study was the same
as reported in Hanes and Inman (1985) and Qin (2000). A
sketch of this shear cell is reproduced in Fig. 1. The top
and bottom of the shear cell were roughened with particles
densely glued on the surface. The side walls were smooth.

The experimental procedure began with pouring a mea-
sured amount of granular materials into the circular trough
of the shear cell, placing the top cover into the filled
trough, applying a desired counter weight to the top cover
to produce a prescribed normal load N, setting the rotating
bottom to a desired speed, and recording the resulting
resisting torque on the fixed top cover. A set of RPM and
normal load N was used on two different granular materi-
als: glass and Delrin. We believe both the experiments and
the simulations are the first such results reported for Del-
rin particles. The test matrix and the material properties of
the granular materials are given in Table 1.
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Table 1
Materials used in the physical tests.
Material Glass Delrin
Mean particle diameter D, 3 mm 3.2 mm
Boundary particle diameter Dy, 3 mm 3 mm (glass)
Outside radius of shear cell Ty 146 mm 146 mm
Inside radius of shear cell 1 102 mm 102 mm
Height of the shear call H 12.11- 22.6-
16.66 mm 23.3 mm
Sphere-sphere friction Up—p 0177 0.22
coefficient
Sphere-wall friction Hp_y 0.2 0.25
coefficient
Sphere-sphere restitution ep—p 0972 0.97
coefficient
Sphere-wall restitution ep—w 0.97 0.95
coefficient
Particle density P 2946 kg/m? 1300 kg/m>
Rotation speed n 2-170 rpm 2-27 rpm
Normal stress Oz 0.6-2.1 kPa 360-926 Pa
Total mass of shear material M 0.675 kg total 0.481 kg
total

In Table 1, the material properties of the particles, and
the particle-particle and particle-wall interaction parame-
ters were obtained from Foerster et al. (1994) and Lorenz
et al. (1997) in which only partial tables of tested materials
were listed. The full table of tested materials may be ob-
tained from Louge (personal communication).

During these tests, the amount of granular materials
was fixed but the top cover can move up or down in reac-
tion to the internal normal stress and the applied counter
weight. In this way, the solid fraction inside the shear cell
fluctuated slightly during the rotation but the normal load
on the granular materials was equal to the prescribed
value.

3. The numerical simulation

In order to model the particles as accurately as possible,
we adopted a soft particle interaction algorithm as
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Fig. 1. Schematics of the annular shear cell.
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described in the DE literature (Cundall and Strack, 1979;
Babic et al., 1990; Zhang and Rauenzahn, 2000; Campbell,
2002). The particles were placed in a numerically defined
shear cell with the same dimensions as used in the physi-
cal experiment. A hexagonal pattern was used to form the
initial packing. After a short transient period, the shearing
response became independent of the initial condition. The
boundary particle pattern posed a problem. Because in the
physical tests the boundary particles were manually at-
tached to the top and bottom surfaces to form a dense
packing pattern, the inherent irregularity could not be ex-
actly reproduced numerically. We tried several different
ways to produce the boundary and found that as long the
packing was sufficiently dense, the effect of packing pat-
tern had little influence on the results. We thus decided
to use a radially hexagonal packing as shown in Fig. 2a to
produce the top and bottom surfaces. This radially hexag-
onal packing was formed with a regular Cartesian hexago-
nal array and remapped from the (x,y) plane to the
corresponding (r,0) plane. The packing of boundary parti-
cles in the physical experiments was also close-packed
and nearly hexagonal, though without the remapping into
the radial plane.

In DE simulations the challenge is the computing time.
For the amount of mass and particle size used in the
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physical experiment, the simulation of the fastest shear
rate would take several months using the currently avail-
able desktop computers. Two techniques have been used
to speed up the simulation: reducing the space and soft-
ening the particles. As shown in Fig. 2b, the actual simu-
lation domain was a 30° wedge with periodic boundary
conditions at the wedge boundaries. The simulation time
step is controlled by the binary contact time t,. between
two particles. The accuracy of the simulation requires At
be a small fraction of t,. In our simulations At = t;/50.
Let the particle mass be m, it can be shown that (Babic
et al,, 1990)

T
(2Ky/m)(1 —(3)

where K, ~ ED and {, is related to the restitution coefficient
e through

(1)

the =

—Ine
V72 +In’e

Hence the stiffer the particles are, the smaller the time
step, and the longer the simulation time. To overcome this
problem, we tested several different “artificial stiffness”
values to examine their effects on the results.

b = (2)
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Fig. 3. Simulated torque on the top cover under a rotation velocity of 120 rpm and a normal load of 18.5 N.
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The contact force model used was the common linear
spring and dashpot model as described in Babic et al.
(1990) and Campbell (2002), where F = Fyying + Faashpor =
Ko + ¢ 5 with ¢ the particle-particle overlap and § the rela-
tive velocity of approach between two contacting particles.
The stiffness parameter is related to the particle Young’s
modulus E as K = nDE[4. This model was applied to both
normal and tangential directions of contact with the same
assumed parameters in both directions.

The DE simulations used the exact same parameter val-
ues as shown in Table 1 except the stiffness. The real
Young’s modulus for glass is in the range of 70-100 GPa.
Delrin is lower but with the same order of magnitude. A
range of the “computational stiffness” is used in the simu-
lation. For glass particles, stiffness values from 8.5 x 10° to
8.5 x 10® were tested. Since the results were insensitive to
the stiffness, for the Delrin case only one Young’s modulus
value of 4.2 x 10° was used.
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4. Comparisons between the physical and numerical
data

Using the glass particles with a mono-size distribution,
the shear process in the shear cell was simulated with the
DE model in a 30° computational domain as shown as
Fig. 2. The time series of the simulated torque on the top
cover of the shear cell for a rotational speed of 120 rpm
is plotted in Fig. 3. In this and subsequent figures, the stain
y is defined as the product of strain rate y and time, where
7 = Toz2 ©n, and ry, 1> are the inner and outer radius of the
shear cell, respectively, z, is the thickness of the granular
materials in the shear cell, and n is the rotation speed of
shear cell in rpm. The effective applied normal force (the
weight of the top cover minus the counter weight) for
the case shown was 18.5N, and Young’s modulus was
8.5 x 10° Pa. This result shows a peak in the torque at
the beginning before it drops off to a steady state, where
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Fig. 4. Numerical results of glass particles in the shear cell with different Young’s modulus. (a) E = 8.5x10° Pa; (b) E = 8.5 x 10° Pa. Left vertical scale for

simulation and right for experimental results.
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the averaged value is 0.92 Nm. With various rotation
velocities and normal forces as listed in Table 1, the simu-
lated steady state torques acting on the top cover are com-
pared with the physical data in Fig. 4. Note in Fig. 4 two
vertical scales are used to better show the variations, be-
cause the simulation results are roughly half the value of
the experimental data.

From Fig. 4, particle stiffness appears to have little effect
on the simulation results. We tried two more cases with E =
8.5 x 107 Pa and E = 8.5 x 108 Pa. The results for all these
cases are given in Table 2. It is clear that particle stiffness
does not affect the results for the cases tested.

The shearing of Delrin particles is also simulated. In
Fig. 5, these results are given for E = 4.2 x 10° Pa only.

All simulations used IBM single processor computers
with 3 GHz Pentium processors and 1 GB RAM. The case

with E = 8.5 x 10° Pa and a 30° wedge took around 1-h
of computing time. The computing time increases with

\E/pD? .
5. Discussion

The comparison between the physical experiment and
the computer simulation is consistent among all cases

Table 2
The simulation results for glass particles.
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studied. The qualitative agreement is good but the discrep-
ancies are quantitatively significant. For all cases investi-
gated, the simulated torque is about 1/2 of the measured
for both materials. The first plausible source of the differ-
ence is in selecting the material parameters. Particle size
and density are straightforward parameters with very
small measurement error. Particle stiffness is an insensi-
tive parameter as shown from the data given in Fig. 4
and Table 2. The remaining possibilities include:

. boundary packing effect;

. particle size distribution;

. contact sliding friction and damping coefficient;
. rolling friction;

. contact force model;

. combining sliding and rolling friction effects.

DUk WN =

We investigated each of these possibilities and discuss
these effects below.

5.1. Boundary packing effect

Two types of boundaries were constructed to test the
effect of boundary packing. One was called “loose” and
the other “dense”. Both types of packing began with a nor-
mal hexagonal pattern in the Cartesian coordinate as
shown in Fig. 6. In each case the actual packing density
was controlled by the parameter C, described in Fig. 6.

The Cartesian to polar coordinate transformation was
then performed to map the particles to the annular shear

n (rpm) Normal load N (N) Experiment Simulation . !
cell geometry in the following way:
T (Nm) E (Pa)/8.5 T (Nm)
120 18.50 1.80 10° 0.891 ( ) ( )i
106 0.886 X =(r +Yyy)cos ( >7 y=(r+yy)sin < >
107 0916 rn+yy rn+yy
108 0.891 (3)
150 37.85 3.17 10° 1.705
103 1.736 Examples of the loose packing with C, =0.8 and dense
}88 };g; packing with C,=1.0 are shown in Fig. 7(a) and (b),
: respectively.
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Fig. 5. Comparison for the Delrin case. Left vertical scale for simulation and right for experimental results.
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Fig. 6. The (a) loose and (b) dense packing in the Cartesian plane, where dh = D,,/v/C,, for both cases. The vertical separation dv = dhv/3/2 in the loose
packing and there is no gap between layers in the yy-direction in the dense packing.

Fig. 7. The boundary packing where (a) loose pack with C,, = 0.8 and (b) dense pack with C,, = 1.0. Notice that C,, = 1.0 corresponds to no gaps for the

inner most layer.

A test was made with a 30° wedge. Two different pac-
kings, the dense one with C, = 1.0 and the loose one with
Cw = 0.8. Both cases used the same material parameters
Up-p=0.177, pi, v =0.2 and ep,_, = e,_, = 0.97 and identical
conditions other than the boundary condition. The normal
load was 37.83 N, and the rotation speed was 120 rpm. The
torque on the top surface was found to be 1.63 for the
dense case and 1.65 for the loose case, where torque values
were averages for the steady state portion corresponding
to strain values = [40,60]. These average values are robust.
For example, when averaged over a strain range = [60,80],
we obtain 1.67 for the dense case, and 1.64 for the loose
case. The evolution of the torques with respect to strain
is given in Fig. 8. These results indicate that the boundary

packing has little influence on the shear resistance for the
range of packing tested. This finding is consistent with a
more thorough study of the boundary effect in a 2D gran-
ular shear flow ( Campbell, 1993), in which uniformly
spaced disks were glued on the boundaries to produce
roughness. A large range of spacing from 0 to infinity
was investigated. It was found that for moderate values
of spacing between glued disks the effect on the internal
stress was minor.

5.2. Particle size distribution

We next tested particle size distribution. Knowing that
despite the strict particle size selection when conducting
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Fig. 8. The torque on the top surface of the shear cell. The values for the dense packing case are added by 3 in order to separate the two curves.
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the physical experiment, some randomness might still ex-
ist. We thus assumed a uniformly distributed size with
+0.2 mm from the mean diameter, roughly a 7% deviation
from the mean. The simulated results for both glass and
Delrin materials are plotted in Fig. 9. These results do not
change the torque values by more than 10%.

5.3. Sliding friction and damping coefficient

The restitution and sliding friction coefficients were not
directly measured. They were obtained from previously re-
ported values in the literature as discussed earlier. As long
as the manufacture procedure for these materials remains
the same, the material properties should not change much.
In fact, previous studies of simple shear granular materials
have shown that bulk friction is insensitive to the restitu-
tion coefficient at high concentration over the range of
shear rate studied here (Campbell, 2002). However, sliding

friction can change the bulk friction significantly for con-
stant solid fraction test in the range of pp_p, pp-w < 0.5
(Campbell, 2002; Pierce et al., 2002). For higher values of
sliding friction, the bulk friction becomes nearly indepen-
dent of this parameter. Our tests here are constant normal
force instead of constant solid fraction, but the values we
used in the simulation were less than 0.5, we therefore
tested five different cases, with p,_p, = tp-w=0.2, 0.4, 0.6,
0.8 and 1.0. The results are shown in Fig. 10 for the case
of a normal load of 37.83 N and a rotation speed of
120 rpm. In this figure, it can be seen that sliding friction
has little effect on the bulk friction behavior for the con-
stant normal force case. The average resisting torque val-
ues for strain =[40,50] are 1.77, 1.76, 1.75, 1.82 and 1.75,
respectively, for pp_p = pp-w=0.2, 0.4, 0.6, 0.8 and 1.0.

All of the curves in Fig. 10 show high resisting torque at
the beginning. As the shear motion progressed the resist-
ing torque dropped to a steady state. We believe that force
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Fig. 9. Comparison between simulated torque and physical test with multi-sized glass and Delrin particles. Left vertical scale for simulation and right for
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chains formed inside the shear cell initially. When these
force chains collapse, the stress is released to lower the
bulk resistance. If this hypothesis is correct, the force chain
would be stronger for higher friction cases. It is thus ex-
pected that the collapse of these force chains is more diffi-
cult when contact friction increases, leading to higher peak
stress and less number of peaks. However from Fig. 10, nei-
ther the peak stress nor the frequency of peaks before stea-
dy state seem to depend on the sliding friction. More
detailed analysis is therefore required to determine the
mechanisms dominating the pre-steady state period.

5.4. Rolling friction

So far, the results obtained do not include rolling fric-
tion. As shown in Ting et al. (1989) retarding particle rota-
tion can produce more realistic internal friction and bulk
shear modulus for a 2D granular material. Although their
simulation employed an artificially increased particle mo-
ment of inertia to retard rotation, its results strongly sug-
gested the importance of accounting for rolling friction.
Contact models considering rolling friction between parti-
cles have been proposed by Sakaguchi et al. (1993) and
Iwashita and Oda (1998, 2000). With rolling friction, the
additional torque under particle’s elastic deformation can
be considered to model the particle rotation more accu-
rately. The rolling friction is modeled as follows (Iwashita
and Oda, 1998, 2000).

M, = min(Kre + G0, nFn) (4)

where K, is the rolling stiffness, C, is the viscosity coeffi-
cient for rolling motion, 0 is the relative particle rotation,
n is the coefficient of rolling friction. In the above, the
parameters are set as

n=_(8 (5)

where Kj is the shear stiffness, r is the particle radius, B is
half of the diameter of the contact area, { is a non-dimen-
sional parameter, and was set as 0.0, 1.0 or 5.0 in the stud-
ies of Iwashita and Oda (1998, 2000). The contact area is

K; = K¢,

calculated from particle overlaps. The rolling viscous coef-
ficient C, was set as a constant in the studies of Iwashita
and Oda (1998, 2000), but in Jiang et al. (2005) it was set as

Y
G =73 (6)

where C, is the normal viscous coefficient.

By including the rolling friction, Iwashita and Oda
(1998, 2000) showed that they were able to produce much
better comparisons between the simulation and the phys-
ical data for a tri-axial test. These comparisons were lim-
ited to kinematics variables as before. No force
comparison was reported. The extremely loose packing
discovered within the shear band absent from previous
DE simulations was found to be successfully reproduced
when rolling friction was included in the simulations.

Considering the rolling friction and setting the parame-
ters { = 3.0, C, =0 for glass particles, one test was carried
out with a normal load of 67 N and the rotation speed
150 rpm. The comparison with and without rolling friction
is given in Fig. 11. In the range of shear strain [60,80], the
averaged torques are 3.28 and 4.43 Nm for without and
with rolling friction, respectively. The measured value un-
der this condition from the physical experimental was
5.08 Nm. Hence with rolling friction the simulated result
is now much closer to the measured value. With the same
rolling friction parameters described above, the other cases
were also simulated for glass and Delrin particles, and the
comparisons between simulated and physical data are gi-
ven in Fig. 12. Comparing Fig. 12 with Fig. 9 we find that
the rolling friction can increase the simulated torque by
about 50%. The simulated results of Delrin particles are in
better agreement with the physical data than the glass par-
ticles. It is noted that these data are based on an artificially
chosen parameter { = 3.0.

We have also investigated the velocity profile inside the
shear cell to see if the local shear rate is different between
cases with and without rolling friction. The results of this
investigation are given in the Appendix. We observe only
very slight increase of local shear rate with the inclusion
of the rolling friction. Therefore the increase of bulk
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Fig. 10. Comparison of different sliding friction coefficients.
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Fig. 13. Combined effect of sliding and rolling friction on the resisting torque. In which y = 0.177 represents the case y, , = 0.177, 1, , = 0.2 and u = 0.5
represents the case ft, , = ft, ,, = 0.5. All other parameters are identical as given in Table 1.

friction when particle’s rolling friction is considered is
mainly due to the change in shearing force and not the en-
hanced shear rate.

5.5. Contact force model

In the above, we adopted a linear spring and dashpot
model for the contact force. It is known that at least for iso-
tropic elastic spheres, the contact force is not linearly
dependent on the normal deformation. From the Hertz the-
ory, the normal contact force is

_ eNLs3/2 NI EvD
F=K, 0", K, “3A- (7)
In the above, v is the Poisson ratio of the particle (Hertz,
1882). This contact force model is obviously very different
from the linear model. Based on the numerical study of a
simple shear flow of granular materials, the nonlinear con-
tact force model produces qualitatively similar results with

6.0

that of the linear model (Ji and Shen, 2006). Quantitatively
the resulting bulk friction values are different but they do
not appear to account for the 100% difference as seen in
Figs. 4 and 5. However, when compounded with the rolling
friction it is possible that a nonlinear contact model may
further improve the comparison between the physical test
results and the numerical simulation data. Furthermore, in
Ji and Shen (2006) the tangential contact force was very
simple. In which the elastic part was assumed to follow
the identical model as the normal contact and the tangen-
tial viscous damping was set to zero. The complex tangen-
tial contact as discussed in Mindlin and Deresiewicz (1953)
was not investigated. Further study is required to thor-
oughly investigate these effects.

5.6. Combining sliding and rolling friction effects

Finally, we tested the combined effect of rolling and
sliding coefficients. Fig. 13 shows the results from the case
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Fig. 14. Comparisons of physical test results with simulated data with p, , = 0.25,¢ = 3 and other parameters identical to the case shown in Fig. 12(a).
Solid lines are from the experiment and dashed lines are from simulations.
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with glass particles under 2.1 kKN of normal load and
150 rpm rotation. When the rolling friction is zero, increas-
ing the sliding friction from 0.177 to 0.5 only increased the
resisting torque from 3.29 to 3.66, but when { =5 the in-
crease between p=0.177 and 0.5 is significant, from 4.35
to 8.08. Similar to sliding friction, the effect of rolling fric-
tion also approaches an asymptote at large values of (.
Fig. 14 shows the combination of sliding and rolling fric-
tion, assuming both remain constant, for the full range of
normal load and shearing rate as tested in the glass particle
case shown in Fig. 12(a). In this case, we let u, = 0.25,
{=3 and all other parameters identical as given in Table
1. The comparison between the experimental and the sim-
ulated results is much improved. It is possible that after re-
peated use, surface erosion might change the frictional
properties of materials. Glass being highly susceptible to
wear may explain the need of increased sliding friction
even though the value in Table 1 is obtained from “spent”
glass.

In this study, serendipitously we also investigated the
influence of the mass of the top cover. It was found that
this mass had no influence on the steady state torque as
long as the normal load was kept the same by the coun-
terweight. In the transient part of the shear, the higher
the mass, the higher the peak torque and more delayed
is the collapse of the peak. It is also more difficult to
reach steady state when the top cover has a higher mass.
We increased the mass of the top by a factor of 2 and 3.
The results are shown in Fig. 13. The resisting torques
when averaged over strain=[60,90], i.e. in the steady
state portion, are 1.68, 1.67 and 1.65 Nm for 1, 2 and 3
times of the original mass, respectively. The periodic
ups and downs again suggest large force chains forming
and breaking inside the shear cell. The magnitude of these
ups and downs, and the steady state torque both increase
with the mass of the top cover. This phenomenon sug-
gests that in conducting annular shear cell experiments
it is easier to reach steady state and protect the integrity
of the particles if we use smaller mass for the top cover
(Fig. 15).

25

6. Conclusions

In this study, we present a direct comparison between a
physical experiment and a parallel computer simulation of
an annular shear cell. In the experiment, the annular shear
cell was filled with particles at the beginning. A prescribed
normal load was applied and then the bottom of the shear
cell began to rotate at a given speed. The top boundary was
held stationary in the horizontal direction but free to move
up and down. The resisting torque measured at the top
boundary was compared between the physical experiment
and the computer simulation. Two materials were tested:
glass and Delrin. A range of shear speed and normal stress
were investigated. The simulated torque is about 1/2 of the
measured value over the entire range of shear speed and
normal stress if we assume mono-sized spherical particles
with simple linear contact model with sliding friction only.
The influences of stiffness, boundary packing, particle size
distribution, sliding and rolling friction and damping coef-
ficient, and contact force model are discussed. The param-
eters above except rolling friction have little effect on the
simulated torque. Considering rolling friction with the
model established by Iwashita and Oda (1998, 2000), the
simulated torque values approach the physical data. The
remaining discrepancies may come from the compounding
effect of all of the above factors.

The present study provides a direct comparison be-
tween DE simulations and a physical experiment, including
the force measurements. We are encouraged by the consis-
tency of the data over a wide range of parameter space. It is
clear that for dense systems as investigated here, not all
particle level information is equally influential in simulat-
ing the shearing response. However, the friction character-
istics are very important to match the forces measured in
the physical system.
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Appendix A

We consider the case shown in Fig. 11. The velocity of
the particles in the center of the shear cell, i.e. those with
center of mass located at D, of (r; +12)/2 are plotted in
Fig. 16.

The best-fit line for the case without friction has a slope
of —12.71 and for the case with rolling friction coefficient
of {=3.0 is —12.95. Hence the “local” shear rate is very
close to the estimated value using wall speed and gap size
and nearly independent of the rolling friction.
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